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Non-Hermitian Control of Topological Scattering
Singularities Emerging from Bound States in the Continuum

Zarko Sakotic,* Predrag Stankovic, Vesna Bengin, Alex Krasnok, Andrea Alú,
and Nikolina Jankovic

Leveraging topological properties in the response of electromagnetic systems
can greatly enhance their potential. Although the investigation of
singularity-based electromagnetics and non-Hermitian electronics has
considerably increased in recent years in the context of various scattering
anomalies, their topological properties have not been fully assessed. In this
work, it is theoretically and experimentally demonstrated that non-Hermitian
perturbations around bound states in the continuum can lead to singularities
of the scattering matrix, which are topologically nontrivial and comply with
charge conservation. The associated scattering matrix poles, zeros, and
pole-zero pairs delineate extreme scattering events, including lasing, coherent
perfect absorption, and absorber-lasers. The presented framework enables a
recipe for generation, annihilation, and addition of these singularities in
electric circuits, with potential for extreme scattering engineering across a
broad range of the electromagnetic spectrum for sensing, wireless power and
information transfer, polarization control, and thermal emission devices.

1. Introduction

The discovery and utilization of the topological properties of
physical systems have shown an increasingly significant im-
pact on science and technology in recent years.[1–3] The emer-
gence of topological phenomena in wave systems has opened
new research directions, such as immunity to disorder,[4] one-
way transport,[5] and topological lasing.[6] The scope of topo-
logical photonics has recently expanded beyond the ideas of
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topological photonic insulators, en-
abling nontrivial radiative and scattering
phenomena.[7,8] Within this context,
bound states in the continuum (BIC)
arising in periodic structures have
emerged as a beneficial phenomenon
for controlling radiative processes.[9]

BICs are resonant modes of open sys-
tems especially designed to eliminate
radiative losses, achieving theoretically
infinite quality factors, with a range
of applications stemming from their
topological nature, such as polarization
control,[10,11] Q-factor enhancements,[12]

unidirectional BICs,[13] vortex lasers,[14]

and vortex beam generation.[15] Beyond
the versatile radiation control, they have
also been connected to topological scat-
tering processes in photonic crystals,[16]

which enabled arbitrary polarization
conversion through harnessing topological properties in the scat-
tering response.[17] More recently, the topological scattering fea-
tures of BICs were discussed in non-periodic, planar reflec-
tive structures using epsilon-near-zero (ENZ) and epsilon-near-
pole (ENP) materials,[18] which was also leveraged in acoustic[19]

and nonreciprocal electromagnetic systems.[20,21] BICs in pla-
nar reflective systems are associated with pairs of perfect ab-
sorption singularities and reflection phase vortices, which com-
ply with topological charge conservation. Separately from BIC-
related phenomena, the topological nature of perfect absorption
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and reflection zero singularities was also recently studied in
metasurfaces for polarization control[22,23] and optical multilay-
ers for sensing,[24,25] highlighting the importance of topological
concepts in scattering phenomena.
Singularities in the scattering response have been investigated

far beyond just perfect absorption or critical coupling. For ex-
ample, it has been shown that perfect absorption is a special
case of a more general phenomenon, coherent perfect absorp-
tion (CPA), in multiple-port or multi-modal systems.[26–29] CPA
is the time-reversed version of lasing at the threshold, assuming
an ideally linear system. These phenomena are related to singu-
larities of the scattering-matrix eigenvalues, that is, zeros (CPA)
and poles (lasing at threshold). In this context, systems obey-
ing parity-time-symmetry (PT-symmetry) have been shown to en-
able peculiar solutions of Maxwell’s equations supporting excep-
tional points (EPs),[30] CPA-lasing degeneracies,[31,32] unidirec-
tional invisibility,[33] unidirectional spectral singularity,[34] virtual
perfect absorption,[35] passive,[36] and transient PT-symmetry.[37]

It has also been shown that in purely lossy systems, it is possi-
ble to engineer exceptional points of absorption (CPA EP) with
distinct, broadened lineshapes.[38,39] Apart from zeros of the S-
matrix operator, special interest has also been devoted to reflec-
tionless scattering modes,[40–42] for which the unusual zero EP
behavior can be observed in a chosen set of input channels’ re-
flection.
All these S-matrix singularities form the basis for a plethora of

applications, including enhanced sensing,[43–46] unconventional
lasing,[47] topological wireless power transfer,[48,49] efficient en-
ergy storage,[50] analog differentiation,[51] and nonreciprocal mi-
crowave transport.[52] Moreover, the general wave nature of these
phenomena enables them in different wave systems, such as
elastic[53] and optomechanical systems.[54] Their ubiquity and im-
portance has especially been proven in disordered electromag-
netic systems,[55–57] which can be reconfigured and offer more
flexibility and precision in designing sensitive singularity-based
devices. Although the scattering singularity-based research has
considerably proliferated in recent years, their topological fea-
tures were seldomly discussed and have not been fully assessed.
For instance, elucidating the connections between BICs and
other singular points may further boost their manipulation and
enable novel functionalities for high-performance devices.
Here, we present a new outlook on scattering matrix singular-

ities and BICs, and experimentally demonstrate their topological
nature in two-port networks. We discuss a broad range of loss-
less two-port structures that support BICs, including optical and
electronic systems.We then show that a non-Hermitian perturba-
tion destroys the BIC, creating pairs of topologically protected S-
matrix singularities whose nature depends on the type of pertur-
bation. In particular, we show that loss, gain, and PT-symmetric
perturbations lead to the creation of pairs of CPA, laser, and CPA-
laser degeneracies, respectively. Each of these conditions is char-
acterized by awinding number in the phase of the S-matrix eigen-
values, and all of them comply with charge conservation. We the-
oretically and experimentally demonstrate their topological fea-
tures using electric circuits, validating the general nature of the
presented ideas and proposing a recipe to generate topological
singular points. These findings lie at the intersection of topology,
non-Hermiticity, BICs and singular responses, and they may fa-
cilitate the design of sensors, thermal emitters, wireless power

and information transfer systems, polarizers, and other electro-
magnetic devices.

2. BICs and Topological S-Matrix Singularities

The conceptual sketch of topological charge creation fromBICs is
shown in Figure 1a: a BIC is transformed into a pair of topological
charges corresponding to CPA (CPA-laser) states when introduc-
ing a defect in the system characterized by loss (PT-symmetry).
Due to the ubiquitous wave nature of BICs, which can be realized
across the electromagnetic spectrum in different platforms, we
analyze three analogous systems where the proposed topological
features can be observed. In this way, we aim at highlighting the
general nature and wide applicability of the proposed framework.
At this point, it is instructive to differentiate between topological
aspects of BICs in terms of their radiation and scattering proper-
ties. As mentioned in the introduction, BICs have so far mostly
been explored for their topological charges in radiation, where
they behave as eigenpolarization singularities in the momentum
space of periodic structures,[9] and where they can be controlled
by varying geometrical parameters and/or breaking spatial
symmetries in photonics crystals. In this work, we focus on the
topological scattering properties of BICs in real space and use
non-Hermitian perturbations as ameans to control the emerging
singularities, expanding the topological picture and the tools of
control.
We start the discussion with the general two-port optical sys-

tem shown in Figure 1b—a dielectric cavity created between
two identical resonant layers, representing a generalized Fabry–
Perot-type photonic system. In this example, the permittivity of
the resonant layers is assumed to have either an ENZ (plasma)
or an ENP (Lorentzian) resonance. Such resonances are com-
monly found in isotropic, anisotropic and 2D materials, such
as InAs, ITO, SiC, 𝛼-MoO3, and hBN. However, they can also
be tailored at the frequency of interest using metamaterials and
metasurfaces[58,59,62]—an example of an analogous metasurface
system is sketched in Figure 1c. Neglecting loss for the moment,
if one of the cavity resonances spectrally coincides with one of
thematerial ormetasurface resonances, a perfectly trappedmode
or BIC can be induced.[18,62] This feature can be attributed to
waves experiencing a hard-wall boundary (perfect mirror) when
the wave impedances of the top and bottom layers go to zero or
infinity.[18] The resonant thickness of the dielectric, that is, the
BIC condition, depends on the permittivity 𝜖d and incident angle
𝜃 as

d =
n𝜆r
2

= nc

2f0

√
𝜀d − sin2𝜃

, n = 0, 1, 2,… , (1)

where f0 represents the material or metasurface resonant fre-
quency. As mentioned, this type of BIC can arise in a broad
range of materials at different wavelengths, for example, using
SiC,[60,61] plasmonic metasurfaces,[62] photonic crystals,[63] and
2D-materials such as 𝛼-MoO3.

[64] Two examples of optical sys-
tems supporting BICs, using 𝛼-MoO3 layers and Ag-nanoparticle
metasurfaces, are discussed in more detail in the Supporting
Information. Although their topological nature in lossy one-
port structures has recently been explored[18] and utilized for
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Figure 1. a) Pairs of topological charges emerging from BICs in various physical systems. b) Optical 3-layer system for a range of materials having ENZ
or ENP resonances such as SiC, hBn, and 𝛼-MoO3. c) Two plasmonic metasurfaces separated by a spacer. d) Analogous electrical circuit supporting
BICs. e) S-matrix pole and zero dispersion for the circuit calculated in the d-𝜔i-𝜔r space (upper panels) and phase of the multiplied eigenvalues in the
d-𝜔r plane (lower panels) for the lossless case R = 0, f) lossy case R = 1 Ω, and g) PT-symmetric case R = ±5 Ω.
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nonreciprocal thermal emission,[20,21] these features have not yet
been confirmed experimentally. Furthermore, their topological
nature has not been discussed in two-port networks, where, apart
from loss, PT-symmetry can also be studied.
Due to feasibility, wide availability and cost-efficiency, an ap-

pealing platform to explore the topological features of BICs and
related phenomena is formed by radio-frequency electronic cir-
cuits. To this end, in our study, we propose the basic circuit, anal-
ogous to the proposed optical multilayer and metasurface struc-
tures, sketched in Figure 1d. For brevity, the following discus-
sion will focus on this electric circuit, while the same analysis for
optical systems is provided in the Supporting Information. The
circuit has two ports and consists of two shunt RLC resonant cir-
cuits separated by a transmission line of length d. This system is
analogous to the optical structures under normal incidence when
the resonant layers have an ENP resonance (Lorentzian),[18] that
is, the series impedance of the resonant layers has a minimum at
resonance. The polarization and incident angle degrees of free-
dom are not present in the circuit scenario. At the resonant fre-
quency 𝜔0 = 1∕

√
LC, the impedance of the shunt lines is equal

to R. When the transmission line length is

d =
n𝜆0
2

= nc𝜋
√
LC, n = 0, 1, 2… , (2)

and when R is ideally zero, the circuit supports a BIC—a Fabry–
Perot mode perfectly trapped between two short circuits. In the
optical case, this is equivalent to the Fabry–Perot dark mode of
a dielectric cavity sandwiched between two perfect conductors.
When loss, gain, or a PT-symmetric perturbation is added to the
RLC circuits, the BIC is revealed to be a degeneracy of scattering
matrix singularities that are topologically protected, as shown in
Figure 1e–g and analyzed further.
To analyze the BIC and the emerging charges, we use the com-

plex frequency notation and the scattering matrix formalism.
Specifically, we look for singularities (poles and zeros) of the scat-
tering matrix eigenvalues in the complex frequency plane, which
can describe the scattering process and emerging anomalies.[65]

To visualize the charges appearing at real frequencies, we plot
the phase of the multiplied eigenvalues of the S-matrix arg(s1s2),
which contain all undefined phase points (vortices) associated
with singular values, that is, poles and zeros of the S-matrix
eigenvalues where the phase is ill-defined. The polarity and
winding number q of the charges can be found by integrating
the phase accumulation counterclockwise in the parameter
space around the charge q = 1

2𝜋
∮ d𝜙.[18] The eigenvalues of

the reciprocal two-port circuit are given by s1∕2 = t ±
√
rlrr ,

where transmission t and reflection coefficients rl, rr are
calculated using the ABCD matrix formalism [Supporting
Information].
In the lossless case, the presence of BICs corresponds to a

diverging phase resonance in the eigenvalue spectrum, as seen
in the bottom panel of Figure 1e. In the complex frequency
plane (upper panels), the dispersion of eigenvalue poles and ze-
ros mirror each other due to time-reversal symmetry and Her-
miticity, and they are parabolic around the resonant condition.
Furthermore, the BIC is formed when these dispersion curves
touch on the real-frequency axis, that is, a BIC corresponds to
a real-frequency pole-zero degeneration in a passive Hermitian

system.[18] When loss is added, Figure 1f, these dispersion curves
move down along the imaginary frequency axis, inducing two
real-frequency zeros of the scattering matrix, that is, two CPAs.
As loss is added, these points move in parameter space, but they
cannot disappear unless they are annihilated with an oppositely
charged singularity. The time-reversed scenario (not shown) en-
tails adding gain in both resonators, shifting the curves up in
the complex frequency plane and inducing two real-frequency
poles, that is, lasing conditions. It is worth noting that, by plac-
ing a perfect mirror in symmetry points (middle of the spacer) of
the system, we obtain a one-port structure and CPA solutions be-
come PA solutions, which were explored in detail in.[18] Lastly,
we consider a PT-symmetric perturbation to the system, that
is, RLC tanks with positive and negative resistances, Figure 1g.
Now, the zero-dispersion translates down, while poles translate
up along the imaginary frequency axis. Remarkably, these dis-
persions intersect at the same real frequency, creating two CPA-
laser points. The eigenvalue phase spectrum contains singulari-
ties with charges of ±2 in the phase, indicating the presence of
both a pole and a zero. If PT-symmetry holds, CPA-laser points
are topologically protected and move in parameter space for dif-
ferent |R| values.
Due to the translation of system poles in the upper com-

plex half-plane around the BIC, the parametric region between
two CPA-laser charges originating from the same BIC is in-
herently unstable. As we show later, these charges can disap-
pear only through annihilation. However, their dispersion car-
ries important implications for system stability—an aspect of-
ten overlooked in theoretical studies of PT-symmetric systems.
We note that a similar finding was previously reported in 1D
periodic PT-symmetric systems,[66] where PT-symmetric pertur-
bations create so-called PT-BIC rings, with similar implications
for stability,[67] although the CPA-laser aspect was not discussed.
The proposed theoretical framework reveals a fundamental con-
nection between BICs and different scattering extrema and the
topological nature of the emerging singularities. Furthermore,
the same phenomena were shown to arise in different electrical
and optical systems, indicating the ubiquity and wide applicabil-
ity of the proposed theory, which we further discuss in the follow-
ing and verify experimentally.

3. Experimental Demonstration of CPA Topological
Charge Conservation in Electric Circuits

CPA points were shown to arise from BICs in pairs after adding
loss to the RLC resonators in Figure 1. This finding represents
a generalization of the topological theory associated with perfect
absorption points and BICs in single port structures proposed
in ref. [18] To further generalize the discussion and gain more
insight into these CPA states, we analyze the system shown in
Figure 2a inset. We simplify the structure by analyzing two com-
plex impedances ZR separated by a transmission line in a two-
port network, where ZR represents the total complex impedance
of the series RLC circuit at a fixed frequency ZR = R + j𝜔L +
1∕j𝜔C. Using the ABCD matrix formalism, we find the reflec-
tion/transmission coefficients and the analytical solutions for
CPAs [Supporting Information]. Namely, for a mirror-symmetric
and reciprocal system, the zeros of the two eigenvalues are given
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Figure 2. Analytical condition for a) symmetric and b) antisymmetric CPAs for the circuit model show in the inset of (a). c) Schematic of the proposed
RF-circuit. d) Photograph of the realized circuit on a protoboard. e) Comparison of the theoretical and measured eigenvalue amplitude for R = 50 Ω, L1
= 1000 nH, C1 = 217 pF, and d = 0 (no transmission line), showing a zero associated with symmetric CPA. f) Antisymmetric CPA for R = 50.5 Ω, L1 =
L2 = 1500 nH, C1 = C2 = 217 pF which corresponds to d = 𝜆/2. Network characteristic impedance is Z0 = 50 Ω.

by s1∕2 = t ± r = 0. The two solutions for ZR as a function of d
give rise to symmetric and antisymmetric CPAs:

ZRs =
Z0

2

(
cos (kd) +

√
cos2 (kd) + 2j sin (kd)

)
, (3)

ZRa = −
Z0

2

(
cos (kd) −

√
cos2 (kd) + 2j sin (kd)

)
, (4)

where k = 2𝜋/𝜆 is the wavenumber, and Z0 = 50 Ω is the net-
work characteristic impedance. For a fixed frequency𝜔=𝜔0, Fig-
ure 2a,b shows the CPA solutions for different transmission line
lengths. When d = 0 (no transmission line), the symmetric CPA
exists for ZR = 50 Ω, while for the antisymmetric case, the so-
lution requires that ZR = 0, that is, the system supports an an-
tisymmetric BIC and cannot absorb waves. As d increases, ZR
solutions for CPA become complex, with opposite signs of the
imaginary part for symmetric and antisymmetric cases. At d =
𝜆/2, the system supports a symmetric BIC (ZR = 0) and an anti-
symmetric CPA (ZR = 50 Ω). These solutions periodically repeat
as d increases.
To confirm the existence of these CPAs and demonstrate their

topological nature, we built an electric circuit consisting of two
shunt RLC resonators separated by a double T-circuit, which
plays the role of a transmission line and provides the required
phase delay between two identical resonators [Supporting Infor-
mation], Figure 2c. A photograph of the protoboard realization
of the proposed electric circuit is shown in Figure 2d. First, we
validate the existence of the symmetric and antisymmetric CPAs
and measure the response of the two circuits. To account for par-
asitic effects dominated by the series resistance of inductors, we

add series resistors to each inductor in the circuit, which we eval-
uated to be ≈1 Ω at the measured frequencies. The first circuit
has a resonant frequency of 10.8 MHz and no transmission line
(d = 0). With the total series resistance R = 50 Ω (including par-
asitics) of the RLC tank, the circuit response is in perfect agree-
ment with theory, Figure 2e. The zero in the eigenvalue magni-
tude spectrum |s1| = |t + r| confirms the emergence of a sym-
metric CPA. The second circuit has a T-circuit between the two
resonators with R = 50.5 Ω, where the T-circuit response is iden-
tical to the one of a transmission line with length d = 0.5𝜆0 at the
resonance frequency f0 [Supporting Information]. The response
displays an antisymmetric CPA with |s2| = |t − r| going to zero at
the resonance frequency 8.82 MHz, Figure 2f, for which exper-
imental and theoretical results are in excellent agreement. The
resistance R is slightly larger than the theoretically predicted R =
Z0 = 50 Ω due to the parasitic resistance in the LC tanks of the
transmission line.
The CPA is observed through the eigenvalues retrieved from

the measured S-matrix. An in situ observation of the CPA is
also reported in Supporting Information. The CPA wavefront
consists of two coherent input waves of the same frequency,
amplitude, and phase difference of either 0 or 𝜋 (symmetric or
antisymmetric CPA). Interestingly, these CPA solutions (with the
same CPA wavefronts) also exist for asymmetric circuits when
R1≠R2, for any combination satisfying R1||R2 = 25 Ω. They even
persist for different combinations of capacitance and inductance
values in the left and right circuits, as long as the same resonant
frequency is supported in both circuits. However, the absorption
line shape at the CPA can change substantially for different
combinations of R1, R2, L1, L2 , C1, and C2 [Supporting Infor-
mation]. Although single port realizations exploring scattering
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Figure 3. a) Eigenvalue magnitude |s2| for five different values of R. Horizontal colored lines represent the parametric points to be measured. b) Numer-
ically obtained CPA condition in the parameter space f-R-C1, where C1 is represented by the color. Colored dots represent different values for R-C1 to be
measured. c) Theoretical and experimental obtained |s2| measured for five different parameter points, where the trajectory and eventual annihilation of
the CPA is evident. Reactive components used are C2 = 217 pF, L1 = L2 = 1500 nH,

singularities are less practically demanding in most cases, the
proposed two-port setup can be explored further with asymme-
tries, unlocking phenomena beyond those available in one-port
systems, as we show in the following when considering active
and PT-symmetric circuits, as well as in examples shown in the
Supporting Information. Furthermore, singular points such as
CPAs in two-port structures allow the possibility of coherent and
dynamic control of scattering features using multiple coherent
input signals, that is, they enable the control of light with light
without using nonlinearities,[27–29] such as coherent control of
polarization features,[68,69] spin-to-orbital angular momentum
conversion,[70] diffraction,[71] and fluorescence.[72]

In order to demonstrate the topological nature and charge con-
servation of the CPA states, we experimentally show the annihi-
lation of antisymmetric CPA charges using the same circuit in
Figure 2d. To understand the dynamics of the annihilation pro-
cess, we analyze the 2D parameter space consisting of frequency
and capacitance C1, exploring the zeros of s2. In this parameter
space, zeros (CPA charges) originating from neighboring BICs
move towards each other for increasing values of R, Figure 3a.
At the critical value of 50.5 Ω (middle panel of Figure 3a), the
charges meet and annihilate. This is evident when R further in-
creases, and the s2 zeros associated with the CPAs disappear, as
shown in the 4th and 5th panels of Figure 3a. The calculated tra-
jectory of these states in the 3D parameter space f-R-C1 is shown
in Figure 3b, where the third dimension is represented by color.
By tuning the circuit elements, specifically R and C1, different
CPA points can be accessed according to this dispersion.
To trace the dispersion of these charges in a real circuit, we

modified the original circuit in Figure 3d by adding identical ca-
pacitances in the left and right RLC tanks to yield the required ca-

pacitance. Furthermore, using identical potentiometers placed in
both RLC tanks, we can tune the resistance to access the desired
CPA points. We measure the frequency response of the circuit
at five different parameter points (values of C1 and R shown on
panels in Figure 3a), represented by the colored horizontal lines
and dots in Figures 3a and 3b, respectively. The theoretical and
experimental results are in excellent agreement, Figure 3c. The
zero-magnitude point associated with one antisymmetric CPA
charge moves through the frequency space until it annihilates
with an opposite charge forR= 50.5Ω, demonstrating the disper-
sion and topological charge conservation of CPA states. The pre-
sented recipe for their creation and annihilation can be extended
to various wave systems, including the optical and infrared elec-
tromagnetic systems, aswell as acoustic andmechanical systems,
where topology plays an increasingly important role in the design
of novel devices, including wireless power transfer, polarization
control, and thermal emission manipulation.

4. PT-Symmetry and Topological CPA-Laser Charge

We next study a PT-symmetric RF circuit, showing a simple pro-
cedure to realize a topological CPA-laser degeneracy.We consider
the system shown in Figure 4a, similar to the one analyzed in Fig-
ure 2a, but yielding positive and negative shunt resistance on dif-
ferent sides of the system—in such a way to obey PT-symmetry.
A negative resistance can be realized using a negative impedance
converter, which has already been used to explore PT-symmetry
in circuit scenarios.[73–75] Alternatively, a recent demonstration
has shown that building fully integrated PT-symmetric circuits
is also possible,[52] offering more flexibility in the design. Using
the same ABCD matrix formalism as for the previous analysis,

Laser Photonics Rev. 2023, 17, 2200308 2200308 (6 of 11) © 2023 The Authors. Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 4. a) PT-symmetric circuit. b) Analytical condition for CPA-laser states at a fixed frequency. c) Total outgoing power calculated at two CPA-Laser
points with different excitation phases (red and blue lines, A1 = 1.87, A2 = 1, and 𝜓 = ±𝜋/2). The inset shows the phase singularities associated with
CPA-laser points. d) P calculated at R = 50/

√
2 ≈35.355 Ω where two CPA-Laser charges merge (phase arg|s1s2| shown in the inset) for A1 = 2.4142, A2

= 1 and 𝜓 = ±𝜋/2. For R = 37 Ω, charges are destroyed as evident from the stripped line and right inset (no phase singularities, A1 = 2.274, A2 = 1 and
𝜓 = ±𝜋/2). Red-shaded regions in (c) and (d) designate unstable regions.

we compute the eigenmodes with real eigenfrequency, that is,
real-frequency poles of the scattering matrix eigenvalues [Sup-
porting Information]. The real and imaginary parts of the com-
plex impedance ZR are

R =
Z0√
2

√
sin2 (kd) − sin2 (2kd)

8
(5)

X = −
Z0

4
sin (2kd) (6)

Due to the PT-symmetry, each real-frequency pole degenerates
with a zero, implying the emergence of CPA-laser states. Thus,
Equations (5), (6) constitute the conditions for CPA-laser states,
Figure 4b. To show their usual features of absorbing and lasing at
the same frequency, we plot the total output power for two CPA-
laser points, emerging for ZR = 20 ± j12.4 Ω at two different val-
ues of d for different phase inputs, Figure 4c. We plot the total
outgoing or scattered power, defined as

P = ||a1rL + a2t|| 2 + ||a2rR + a1t||2 (7)

where a1 = A1 cos(𝜔t) and a2 = A2 cos(𝜔t + 𝜓) represent input
signals with amplitudes A1/2 and with relative phase difference
𝜓 . At the CPA-laser point, the output P is infinitely large, as there
is a pole on the real frequency axis. However, exciting the system

with the eigenvector corresponding to the zero of the S-matrix
eliminates all outgoing power, and all the energy is absorbed, as
the blue curves show in the graph. Additionally, we plot the phase
of the eigenvalues in the inset, which clearly shows two points
with charges of +2 and −2 associated with the CPA-laser condi-
tion. As the value of |R| increases, these charges move closer to
each other until they meet at d/𝜆0 = 0.25 and R = 50/

√
2, and

annihilate each other for R > 50/
√
2, Figure 4d. As shown in the

inset, the phase singularities disappear after annihilation.
crucial aspect of the active systems that has not yet been dis-

cussed is their stability. As shown in Figure 1f and briefly dis-
cussed above, PT-symmetric perturbations to the BIC create an
unstable parametric region between two emerging CPA-laser
charges. The pole dispersion translates above the imaginary-
frequency axis in the complex plane. Similarly, in Figure 4c two
CPA-laser states imply the emergence of points at which the pole
dispersion crosses the real axis and moves to the upper com-
plex frequency half-plane, indicating an unstable region (shaded
red). As |R| grows to 50/

√
2 and beyond, the CPA-laser charges

move to the same position and annihilate, at which point all
poles are unstable, Figure 4d and [Supporting Information]. In
the present analysis, the circuit response is studied at a fixed
frequency, hence without considering the dispersion of the in-
volved active circuitry. Additional discussions on this issue based
on complex frequency analysis can be found in the Supporting
Information. Interestingly, the case |R| = 50∕

√
2 was exploited

Laser Photonics Rev. 2023, 17, 2200308 2200308 (7 of 11) © 2023 The Authors. Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 5. a) Circuit with a negative impedance converter, L1 = L2 = 1520 nH, C1 = 27.8 pF, C2 = 217 pF. b) Eigenvalue phase in the complex frequency
plane where zero EP and pole EP are visible as±2 charges. For a passive circuit R1 = R2 = 47Ω, the zero-EP is at the real frequency axis forming a CPA-EP.
c) Theoretical reflection and transmission coefficients for lossy structure, same as (b). d) Unidirectional absorber, e) Unidirectional spectral singularity.
For simulation purposes, we used R3 = R4 = 1000 Ω, and R2a = 49.5 Ω to obtain the required negative resistance at the desired frequency. We have also
added an additional series inductance in the right circuit Lp = 100 nH to cancel out the parasitic reactance added by the negative impedance converter
and equalize the resonant frequencies of left and right resonant circuits.

in a similar circuit layout for enhanced sensing,[76] indicating a
possible route to experimentally explore the discussed features,
operating close to instability. Thus, the annihilation of CPA-laser
charges would be impossible to observe in a real system due to
the inherent instability after annihilation. It is also worth not-
ing that, although operating near such singularities can boost
the performance of a device, the use of active circuits comes at
a price of increased energy consumption, which should be taken
into account when comparing performance metrics. Neverthe-
less, the proposed concept presents an important connection be-
tween BICs, CPA-laser degeneracies, and topology. Our findings
reveal a simple procedure to generate CPA-laser states, promis-
ing for next-generation sensors[46,76] and wireless power and in-
formation transfer systems.[48,49,77–78] Additionally, we have for-
mulated design guidelines to address stability, a crucial aspect
for active and PT-symmetric systems.

5. Charge Addition, CPA Exceptional Points and
Unidirectional Spectral Singularities

Thus far, we have explored the conservation of topological
charges through their annihilation. In this section, we explore the

possibility of charge addition, which will entail merging of two
CPA solutions, forming an exceptional point (EP) of zeros and
enabling unusual physics. Traditionally, EPs emerge when two
modes support degenerate eigenvalues and eigenvectors, with
far-reaching consequences.[30] An EP is represented in the com-
plex frequency space by two merging poles.[65] In contrast, the
time-reversed version of such a condition is represented bymerg-
ing two zeros, that is, a CPA EP, which was recently theoreti-
cally and experimentally shown in optical microcavities.[38,39] Us-
ing the introduced topological features of CPAs, we demonstrate
here that twoCPA charges of the same polarity canmerge to form
an EP of zeros.
Using the passive version of the circuit in Figure 5a, two

charges of the same polarity can be brought together at the same
real frequency. Due to the same polarity, CPA charges do not an-
nihilate and have a total of +2 charge in phase space, while the
analysis of the same system in the complex frequency plane re-
veals an EP of both poles and zeros, Figure 5b. Since both eigen-
values tend to zero at the same time, this can be characterized as a
non-generic CPA EP, where the quartic absorption line is absent,
following the discussion in refs. [38, 39]. The existence of such a
CPA EP in our system is not surprising: the T-circuit acts as a

Laser Photonics Rev. 2023, 17, 2200308 2200308 (8 of 11) © 2023 The Authors. Laser & Photonics Reviews published by Wiley-VCH GmbH
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low pass filter and suppresses transmission for higher frequen-
cies [Supporting Information]. In this scenario, when the trans-
mission is eliminated, the emerging CPAs will be identical to re-
flection zeros s1∕2 = t ±

√
rlrr = 0, t = 0 → rl = rr = 0, and these

zeros are co-located due to the mirror symmetry of the circuit.
Although this CPA EP appears trivial at first glance, a rather

interesting feature arises when we analyze the PT-symmetric ver-
sion of this circuit, which breaks mirror symmetry. By varying R2
to 0, and then to −R1 in the right side of the circuit, a unidirec-
tional resonant transmission is achieved, which was first theoret-
ically explored in ref. [34]. Remarkably, the circuit is transparent
from one side with zero reflection and full transmission, while
from the other side, the circuit acts like a laser, Figure 5e. As
mentioned earlier, negative resistance can be achieved using a
negative-impedance converter configuration with an operational
amplifier, as sketched in Figure 5a. To test our theoretical predic-
tion obtained with an ideal negative resistor R2, we simulated the
response of the PT-symmetric circuit using a realistic model for
the commercially available operational amplifier (Texas Instru-
ments LMH6714) in the negative-impedance-converter configu-
ration, which takes into account dispersion effects [Supporting
Information]. This configuration provides an effective negative
resistance, and the response is in excellent agreement with our
theoretical prediction, Figure 5e.
Although the T-circuit strongly suppresses transmission, the

peculiar physics of EPs at hand allows full transmission at the
unidirectional spectral singularity, which can be exploited for
wireless power and information transfer applications.[77] Namely,
the transmission can be fully restored with the active circuit,
even if the channel is fully attenuated when the circuit is pas-
sive. This is expected since one of the eigenvalues is zero, that is,
s1∕2 = t ±

√
rlrr = 0. Due to the singular values of the reflection

coefficients (rl = 0 and rr → ∞) at the resonant frequency in this
ideal PT-symmetric case, that is, |rl| = 1∕|rr| = 0, the amplitude
of the transmission coefficient must be equal to 1. Notably, the
system is stable, as the only pole near the real-frequency axis is
associated with the discussed singularity, and it can be explicitly
controlled with R2. These results reveal an essential connection
between CPA EP and unidirectional spectral singularity.

6. Discussion

The topological CPA points emerging around BICs in passive
electronic circuits and their optical counterparts are ideally suited
to control the scattered waves’ amplitude, phase, and polar-
ization. In reflective, one-port structures, these singular points
have already been utilized for polarization control,[16–18] thermal
emission engineering,[20,21] phase manipulation,[22,23] and inter-
ferometric phase sensing.[18,24,25] However, singular scattering
points, such as CPAs, in two-port structures allow the possibility
of coherent and dynamic control of scattering features.[27–29,68–72]

As we have shown, our general framework can facilitate the cre-
ation of topological scattering singularities across different ge-
ometries and spectral regions, expanding the applicability of such
setups. For example, as shown in our analysis of the optical
structure, our framework also extends to the infrared regime,
where naturally birefringent and dichroic materials are scarce.
This could enable coherent control of infrared polarization fea-
tures through scattering inmetasurfaces or even lithography-free

structures,[18,79] as polar dielectrics and 2Dmaterials such as hBN
and 𝛼-MoO3 can provide the discussed singular points in themid-
and long-wave infrared regions.
On the other hand, the new insights on topological singu-

lar points in PT-symmetric systems expand the utility of our
proposed framework. For example, generating and controlling
CPA-laser points and factoring in the associated stability issues
may help improve the CPA-laser-based electronic sensors[46] and
help look for new physics in more complex systems.[66] Further-
more, the unidirectional spectral singularity associated with the
PT-symmetric circuit offers new insights into exceptional point
physics and could facilitate robust, unidirectional transport of in-
formation through attenuated channels.

7. Conclusion

Here we have explored and demonstrated the topological nature
of S-matrix singularities and their connection with BICs in two-
port structures. Using a basic electric circuit, the trajectory and
annihilation of CPA charges were experimentally demonstrated,
with excellent agreement with theoretical predictions. Further-
more, the analysis of PT-symmetric circuits shows that topologi-
cal CPA-laser charges emerge from BICs for PT-symmetric per-
turbations, revealing an important connection between topology,
BICs, and PT-symmetry. Using the proposed topological con-
cepts, charge addition was also demonstrated, where two CPAs
form an EP of zeros instead of annihilating each other. Due to
the peculiarity of the CPA EP, a unidirectional absorber and uni-
directional spectral singularity were also shown. The novel out-
look on BICs and related singularities enables a simple proce-
dure to leverage their topological properties, which can be applied
to design singularity-based devices. Similar to the documented
success of the BIC-related polarization topological charges, we
believe that our framework meaningfully extends the topologi-
cal charge picture to phase singularities emerging around BICs.
In future work, we expect this viewpoint to be extended and en-
riched by combining non-Hermiticity with symmetry breaking
and/or varying geometrical parameters. Although demonstrated
with electric circuits, our findings relate to materials and systems
across the electromagnetic spectrum, as all real materials and cir-
cuits are non-Hermitian in practice. We expect them to impact
thermal emission, wireless power and information transfer, sens-
ing, and polarization control.

8. Experimental Section
For the experimental circuit realization, standard RLC components were

soldered onto a circuit protoboard. Surface mount (SMD) 0805 capacitors
and resistors were used, and value axial inductors were fixed. For the vari-
able resistor, BI-9549 10 Ohm Multiturn trimmer was used. Input/output
ports were created by mounting two SMA connectors on the edges of the
circuit board. Circuits were measured in the range 5–30 MHz with Vector
Network Analyzer—AGILENT E5071C—, and full scattering-matrix param-
eters were extracted from two-port measurements. In situ CPA measure-
ments were performed using the signal generator RIGOL DG4062, whose
two controllable channels were used as two coherent input signals with
variable phase difference. The output voltage was measured with the os-
cilloscope RHODE and SCHWARZ RTC1002.

Laser Photonics Rev. 2023, 17, 2200308 2200308 (9 of 11) © 2023 The Authors. Laser & Photonics Reviews published by Wiley-VCH GmbH
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